Abstract. In the paper we describe the group Aut (C Z ) of automorphisms of the extended bicyclic semigroup C Z and study the variants C m,n Z of the extended bicycle semigroup C Z , where m, n ∈ Z. In particular, we prove that Aut (C Z ) is isomorphic to the additive group of integers, the extended bicyclic semigroup C Z and every its variant are not finitely generated, and describe the subset of idempotents E(C 
Introduction and preliminaries
We shall follow the terminology of [7, 11, 20, 37] . In this paper all spaces are assumed to be Hausdorff. By Z, N 0 and N we denote the sets of all integers, non-negative integers and positive integers, respectively.
A semigroup is a non-empty set with a binary associative operation. If S is a semigroup, then we shall denote the Green relations on S by R, L , J , D and H (see [11] ). For every a ∈ S by R a , L a and H a we denote the R-, L -and H -class in S which contains the element a, respectively. A semigroup S is called simple if S does not contain proper two-sided ideals and bisimple if S has only one D-class.
If S is a semigroup, then we shall denote the subset of all idempotents in S by E(S). If E(S) is closed under multiplication, we shall refer to E(S) a as band (or the band of S). The semigroup operation on S determines the following partial order on E(S): e f if and only if ef = f e = e. This order is called the natural partial order on E(S). A semilattice is a commutative semigroup of idempotents. A semilattice E is called linearly ordered or a chain if its natural order is a linear order. A maximal chain of a semilattice E is a chain which is not properly contained in any other chain of E.
The Axiom of Choice implies the existence of maximal chains in every partially ordered set. According to [35, Definition II.5.12] , a chain L is called an ω-chain if L is isomorphic to {0, −1, −2, −3, . . .} with the usual order or equivalently, if L is isomorphic to (N 0 , max).
The bicyclic semigroup (or the bicyclic monoid ) C (p, q) is the semigroup with the identity 1 generated by two elements p and q subject only to the condition pq = 1. The bicyclic monoid C (p, q) is a combinatorial bisimple F -inverse semigroup (see [34] ) and it plays an important role in the algebraic theory of semigroups and in the theory of topological semigroups. For example the well-known O. Andersen's result [1] states that a (0-)simple semigroup is completely (0-)simple if and only if it does not contain the bicyclic semigroup. The bicyclic semigroup cannot be embedded into the stable semigroups [33] .
An interassociate of a semigroup (S, ·) is a semigroup (S, * ) such that for all a, b, c ∈ S, a · (b * c) = (a · b) * c and a * (b · c) = (a * b) · c. This definition of interassociativity was studied extensively in 1996 by Boyd, Gould, and Nelson in [6] . Certain classes of semigroups are known to give rise to interassociates with various properties. For example, it is very easy to show that if S is a monoid, every interassociate must satisfy the condition a * b = a·c·b for some fixed element c ∈ S (see [6] ). This type of interassociate was called a variant by Hickey [28] . Variants of semigroups of binary relations have been studied by Chase [8, 9, 10] . Variants of transformation semigroups and their representations have been studied [16, 17, 18, 31, 36] . A general theory of variants has been developed by a number of authors; see especially [28, 29, 32] . For a recent study of variants of finite full transformation semigroups, and for further references and historical discussion, see [16] and also [23, Chapter 13] . Variants of semilattices were studied in [12, 22] . The articles [13, 14, 15, 16] initiated the study of general sandwich semigroups in arbitrary (locally small) categories. In addition, every interassociate of a completely simple semigroup is completely simple [6] . Finally, it is relatively easy to show that every interassociate of a group is isomorphic to the group itself.
In the paper [24] the bicyclic semigroup C (p, q) and its interassociates are investigated. In particular, if p and q are generators of the bicyclic semigroup C (p, q) and m and n are fixed nonnegative integers, the operation a * m,n b = a · q m p n · b is known to be an interassociate. It was shown that for distinct pairs (m, n) and (s, t), the interassociates (C (p, q), * m,n ) and (C (p, q), * s,t ) are not isomorphic. Also in [24] the authors generalized a result regarding homomorphisms on C (p, q) to homomorphisms on its interassociates. Later for fixed non-negative integers m and n the interassociate (C (p, q), * m,n ) of the bicyclic monoid C (p, q) will be denoted by C m,n .
A (semi)topological semigroup is a topological space with a (separately) continuous semigroup operation. A topology τ on a semigroup S is called:
• shift-continuous if (S, τ ) is a semitopological semigroup;
• semigroup if (S, τ ) is a topological semigroup. The bicyclic semigroup admits only the discrete semigroup topology and if a topological semigroup S contains it as a dense subsemigroup then C (p, q) is an open subset of S [19] . Bertman and West in [5] extend this result for the case of Hausdorff semitopological semigroups. The stable and Γ-compact topological semigroups do not contain the bicyclic semigroup [2, 30] . The problem of embedding of the bicyclic monoid into compact-like topological semigroups studied in [3, 4, 27] . Also in the paper [21] it was proved that the discrete topology is the unique topology on the extended bicyclic semigroup C Z such that the semigroup operation on C Z is separately continuous. Amazing dichotomy for the bicyclic monoid with adjoined zero C 0 = C (p, q) ⊔ {0} was proved in [25] : every Hausdorff locally compact semitopological bicyclic semigroup with adjoined zero C 0 is either compact or discrete. In the paper [26] we studied semitopological interassociates (C (p, q), * m,n ) of the bicyclic monoid C (p, q) for arbitrary non-negative integers m and n. Some results from [5, 19, 25] obtained for the bicyclic semigroup to its interassociate (C (p, q), * m,n ) were extended. In particular, we showed that for arbitrary non-negative integers m, n and every Hausdorff topology τ on C m,n such that (C m,n , τ ) is a semitopological semigroup, is discrete. Also, we proved that if an interassociate of the bicyclic monoid C m,n is a dense subsemigroup of a Hausdorff semitopological semigroup (S, ·) and I = S \ C m,n = ∅ then I is a two-sided ideal of the semigroup S and show that for arbitrary non-negative integers m, n, any Hausdorff locally compact semitopological semigroup C 0 m,n (C 0 m,n = C m,n ⊔ {0}) is either discrete or compact.
On the Cartesian product C Z = Z × Z we define the semigroup operation as follows:
The set C Z with such defined operation will be called the extended bicyclic semigroup [38] .
In the paper [21] algebraic properties of C Z were described and it was proved therein that every non-trivial congruence C on the semigroup C Z is a group congruence, and moreover the quotient semigroup C Z /C is isomorphic to a cyclic group. Also it was shown that the semigroup C Z as a Hausdorff semitopological semigroup admits only the discrete topology and the closure cl T (C Z ) of the semigroup C Z in a topological semigroup T was studied.
In this paper we describe the group Aut (C Z ) of automorphisms of the extended bicyclic semigroup C Z and study a variant C m,n Z = (C Z , * m,n ) of the extended bicycle semigroup C Z , where m, n ∈ Z, which is defined by the formula
In particular, we prove that Aut (C Z ) is isomorphic to the additive group of integers, the extended bicyclic semigroup C Z and every its variant are not finitely generated, and describe the subset of idempotents E(C 
On the group of automorphisms of the extended bicyclic semigroup
Lemma 2.1. For arbitrary integer k the set
Proof. Since
is a homomorphism, and simple verifications imply that it is a bijection. Theorem 2.2. For an arbitrary integer k the map h k : C Z → C Z defined by by the formula
is an automorphism of the extended bicyclic semigroup C Z and every automorphism h : C Z → C Z of C Z has form (3). Moreover, the group Aut (C Z ) of automorphisms of C Z is isomorphic to the additive group of integers Z(+) and this isomorphism H :
Proof. For any (m, n), (i, j) ∈ C Z we have that
Simple verifications imply that for every integer k the so defined map h k is a bijection, and hence it is an automorphism of the extended bicyclic semigroup C Z . Let h : C Z → C Z be an arbitrary automorphism of C Z . Since (0, 0) is an idempotent of C Z , h ((0, 0)) is an idempotent of C Z as well, and hence by Proposition 2.1(i) from [21] we have that h ((0, 0)) = (k, k) for some integer k. Since (1, 1) is the maximum of the subset
. Then by induction we obtain that h ((i, i)) = (i + k, i + k) for every positive integer i. Also, since (−1, −1) is the minimum of the subset
Since h : C Z → C Z is an automorphism of C Z , C Z is an inverse semigroup and by Proposition 2.1(iv) of [21] every H -class in C Z is a singleton, the equalities
and
imply that
and hence we have that
for all integers i and j. This completes the proof of the first statement of the theorem. For arbitrary integers k 1 and k 2 we have that
This completes the proof of the second statement of the theorem.
Serhii Bardyla asked the following question on the Seminar on S-act Theory and Spectral Spaces at Lviv University.
Question. Are the semigroups C Z and C m,n Z , m, n ∈ Z, finitely generated?
Later we shall give a negative answer to this question. j 1 ) , . . . , (i n , j n )} of the extended bicyclic semigroup C Z there exists a subsemigroup S of C Z such that S is isomorphic to the bicyclic semigroup and S contains the semigroup F which is generated by the set F . Moreover F is a subsemigroup of C k Z , where k = min {i 1 , j 1 , . . . , i n , j n }.
is an inverse subsemigroup of C Z for any integer k and formula (1) 
The following theorem is a consequence of Lemma 2.3.
Theorem 2.4. The extended bicyclic semigroup C Z is not finitely generated as an inverse semigroup.
Corollary 2.5. The extended bicyclic semigroup C Z is not finitely generated as a semigroup. 
3.
(⇒) Formulae (1), (2) , and items (ix) and (x) of Proposition 2.1 [21] imply that for any element (a, b) of the semigroup C m,n Z we have that
: y b} , if a n; {(x, y) ∈ C m,n Z : y n − a + b} , if a < n.
and hence the equality (a, b) * m,n (a, b) = (a, b) implies that a − b = n − m. Since a and b are integers such that b m and a n the equality a − b = n − m implies that (a, b) = (n + i, m + i) for some non-negative integer i. (
Proof. By formula (4) we get that
The above formula implies statement (1) . The proof of statement (2) is similar. Statement (3) follows from (1) and (2) . For the proof of assertion (4) we consider the following three cases.
(i) If a < n and b < m then by statements (1) and (2) we have that
, and hence in this case we get that
(ii) If a n then by statements (1) and (2) we obtain that the L -class L (a,b) of the element (a, b) intersects the R-class R (x,y) of any element (x, y) with y m. (iii) If b m then by statements (1) and (2) we obtain that the R-class R (a,b) of the element (a, b) intersects the L -class L (x,y) of any element (x, y) with x n.
Thus, in the case of (ii) or (iii) we have that
which with case (i) implies statement (4). Proposition 3.1 implies statement (5). Proof. By Theorem 2.2 for every positive integer k the map
is an automorphism of the extended bicyclic semigroup C Z . This implies that the map h k determines the isomorphism h k : C 0,0
Z . Since for any positive integer k the map
as a self-mapping of the set C Z is bijective, we conclude that
is an isomorphism of variants C 
, if r + j r and r + k r; h ((r + i − j + k, r + l)) , if r + j r and r + k > r; h ((r + i, r + j − k + l)) , if r + j > r and r + k r + j; h ((r + i − j + k, r + l)) , if r + j > r and r + k > r + j
, if r + j + p r + p and r + k r; (r + i − j + k, r + l + p), if r + j + p r + p and r + k > r; (r + i, r + j − k + l + p), if r + j + p > r + p and r + k r + j; (r + i − j + k, r + l + p), if r + j + p > r + p and r + k > r + j
because h ((r, r)) = (r, r + p), and hence h : C r,r
is a homomorphism. Also, the definition of the map h implies that it is a bijection, and thus h is an isomorphism. by the formula h ((r + i, r + j)) = (r + i, r + j + p).
The proof that so defined map h is an isomorphism, is similar as in Lemma 3.6.
Lemmas 3.5, 3.6 and 3.7 imply the following theorem. Proof. Formulae (4) and (5) imply
Hence for every finite subset F of the semigroup C 0,0 Z we have that the set (x, y) ∈ C 0,0 Z : x, y < 0 \ F is infinite, where F is a subsemigroup of C 0,0 Z generated by the set F , which implies the statement of the theorem. ,b) ) is an open subset of C 
for any non-negative integer i, we have that {(s, l + s − k) : s k, s ∈ Z} is the set of solutions of the equation (k, l) = (k, k) * 0,0 (x, y) for every non-negative integer k and every integer l. Then the separate continuity of the semigroup operation in C 0,0 Z , τ and Hausdorffness of C 0,0
Z , τ for every non-negative integer k and every integer l. Fix an arbitrary positive integer a and an arbitrary integer b. Then the above arguments and assertion (ii) imply that
for any non-negative integer i, we have that {(l + s − k, s) : s k, s ∈ Z} is the set of solutions of the equation (l, k) = (x, y) * 0,0 (k, k) for every non-negative integer k and every integer l. Then the separate continuity of the semigroup operation in C 0,0 Z , τ and Hausdorffness of C 0,0
Z , τ for every non-negative integer k and every integer l. Fix an arbitrary integer a and an arbitrary positive integer b. Then the above arguments and assertion (ii) imply that
We summarize the results of Proposition 4.4 in the following theorem. The following example shows that the statement of Theorem 4.5 is complete and it cannot be extended on any point (a, b) with the properties a 0 and b 0. Remark 4.8. A topological semigroup S is called Γ-compact if for every x ∈ S the closure of the set {x, x 2 , x 3 , . . .} is a compactum in S (see [30] ). Since by Lemma 2.1 the semigroup C 0,0 Z contains the bicyclic semigroup as a subsemigroup the results obtained in [2] , [3] , [4] , [30] imply that if a Hausdorff topological semigroup S satisfies one of the following conditions:
(i) S is compact; (ii) S is Γ-compact; (iii) the square S × S is countably compact; (iv) the square S × S is a Tychonoff pseudocompact space, then S does not contain an algebraic copy of the semigroup C 0,0 Z .
